Abstract. The Borsuk-Ulam Theorem [1] states that if / is a continuous function from the /i-sphere to /t-space (/: S" -> R") then the equation
The Borsuk-Ulam Theorem has applications to fixed-point theory and corollaries include the Ham Sandwich Theorem and Invariance of Domain. The method used here is similar to Eaves [2] and Eaves and Scarf [3] .
We use the following notational conventions. Let S" = (x = (x0, . . . , x") £ R" + 1| some x, = ±1), the boundary of a cube. Note that the antipodal map a: S" -> S", defined by a(x) = -x, is a PL homeomorphism. We use s, t E R; p, p', z E R"; x,y £ S" c R"+x; v £ S" X I c R"+2; and by tuples such as (p, s) or (z, s, t) we mean the obvious points of R"+ ' or R"+2. A singleton set, such as (/}, will be represented without brackets, /. The origin in R, R", and R"+1 will be represented by 0. We will let G,(x) = G(x, t).
The Piecewise Linear Borsuk-Ulam Theorem. Let f: S" -» R" be a PL map. Then there exists an x £ S" such that f(x) = /( -x).
Proof. Since /is PL, it is linear on each simplex of a triangulation T of S". Let T n aT denote the subdivision of T into convex cells obtained by intersecting each simplex of T with the image of a simplex of T under a. Then / is linear on each cell of T n aT and T n aT is invariant under a. We can subdivide S" x I into convex cells by crossing each cell of T n aTwith 7.
We next subdivide these convex cells without adding new vertices to get a triangulation T* which is still invariant under the homeomorphism 77 = a X id: 5" X 7->S" X 7 (H(x, t) = (-x, t)). To do this, order the pairs of vertices {v, H(v)). Note \J Thus the algorithm for finding a solution consists of following a polygonal arc in G~'(0) from S" X 1 to S" X 0. This algorithm can be implemented numerically using techniques similar to those used to implement the simplex method of linear programming. See [2] for details. In practice, the adjustment of G could be done in the process of following the arc. When the arc is found to intersect a simplex of dimension less than n, then G could be adjusted to remove the intersection.
Corollary
(The Borsuk-Ulam Theorem). Let f: S" -» R" be any continuous map. Then there exists an x E S" so that f(x) = f(-x).
Proof. Define/*: S" ->R" by taking a triangulation of S" of mesh less than l/k, setting /* (x) = f(x) at the vertices of the triangulation and extending linearly. Then/* ->/ uniformly, and there exists xk E S" so that fk(xk) = fk( -xk). It follows that a subsequence of {xk} converges to some x and/(x)=/(-x). D One cannot hope to generalize this result much by changing the antipodal map. For Pannwitz [4] gives an example in which y: S" -> S" is a homeomorphism isotopic to the antipodal map which takes antipodal points to antipodal points and there is no solution to f(x) -f(y(x)). In fact, by changing -ß\ ß\ to -ß\ ß\e, e > 0 at the bottom of p. 184 of [4] , y still has the above properties and can also be made arbitrary close to the antipodal map.
Added in proof. J. C.Alexander and J. A. Yorke have independently found a constructive proof of the Borsuk-Ulam Theorem. Their result is contained in the paper The homotopy continuation method: numerically implementable topological procedures, Trans. Amer. Math. Soc. (to appear).
